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x,y,z rectangular coordinates 
t time coordinate sec. 
a length of the beam in. 
c thickness of the core in. 
f thickness of the lower facing in. 
f' thickness of the upper facing in. 
E Young's modulus of facing material psl 
Exz static elasticity modulus of the core material psi 
E^ dynamic elasticity modulus of the core 
material psi 
G _ static shear modulus of the core material psi 
xz* 
G, dynamic shear modulus of the core material psi 
d 
u ,wc displacements of the core in x and z directions 
respectively 
w displacement of any point of the sandwich in 
z direction 
elastic energy per unit width of the core in.-lb./in, 
elastic energy per unit width associated with 
membrane strains in the facings in.-lb./in, 
elastic energy per unit width associated with 
bending strains in the facings in.-lb./in, 


























total energy per unit width of the beam at 




total loss of energy per unit width of the beam 











-1 exponential damping constant of the 'm'th mode sec. 
Poisson's ratio 
mass density per unit length of the beam 2 3 lb.-sec. /in. 
mass density per unit volume of the core 
material 
normal and shear stresses, respectively 
normal and shear strains, respectively 








e „,Y normal and shear strains, respectively, in zc»'X2C *
r J * 
the core 
damping coefficient lb.-sec,/in.*• 
2 * damping coefficient of the 'm'th mode lb.-sec./in. 
a) ,0^ undamped and damped natural frequency, i 
respectively, of the 'm'th mode sec. 
A logarithmic decrement 
IX 
SUMMARY 
It has long been observed that a number of organic compounds 
such as rubbers, plastics, resins etc., possess an outstanding property 
of dissipating energy of motion to heat energy. The dual elastic and 
viscous properties exhibited by these materials together add up to 
render such dissipative characteristics, 
In a simple sandwich beam the energy dissipation is brought 
about by shear-stresses induced in the constrained viscoelastic core 
by the two facings. Though various attempts have been made for the 
analysis of a simple sandwich beam, none of them is simple enough to 
be interpreted directly for design purposes. 
This investigation is an extension of the work done by Kimel 
et al. (1)*, who analyzed the undamped natural frequency of a simply-
supported sandwich beam* This extension leads to a simple closed 
form expression for damping of the principal mode of vibration* The 
accuracy of this simple result was verified by means of experiments 
performed with beams of different core-facing combination. The 
analytical values of logarithmic decrement were calculated by means 
of a Burroughs 5500 digital computer, making use of some of the 
material properties determined experimentally by Pearce (2). Though 
this analysis is principally limited to the first mode, which is 
^Numbers in brackets refer to the Literature Cited at the end. 
the most critical mode from design considerations, it can very well be 
modified to take higher modes into consideration. The effect of rotary 
inertia was neglected in consideration of its small effect at low 
frequencies, but the effect of Poisson's ratio was taken into consider-
ation. Moreover this simple analysis takes into account unequal 
facings, which very few other analyses do. 
Once the material properties are known, this closed form expres-
sion for damping can be very effectively used for all design purposes 





A critical factor in the design of dynamic systems is the 
control of vibrations. When any member of a system is exposed to 
random forces with broad-band characteristics, several resonances are 
excited simultaneously. However, in the majority of the cases, the 
fundamental natural frequency is the most critical design criterion 
as the amplitude of vibration often exceeds the factor of safety limit, 
resulting in failure of the member. 
A careful review of the causes of vibration would reveal that 
it is absolutely impossible to eliminate vibration totally from any 
dynamic system. The best alternative is to endeavour to damp it out 
before any serious damage is inflicted on any member. 
The most fundamental and effective mode of damping is through 
the use of external dampers. These, however cannot be used everywhere 
and moreover they increase the weight of the system considerably. 
External friction between vibrating parts may bring about a form of 
damping commonly known as 'Coulomb' damping. At times through more 
effective use of joints damping can be considerably increased. A form 
of stress-dependent damping inherent in every vibrating; member, 
commonly termed as 'Solid' damping, has been very thoroughly analyzed 
by Lazan (3) and many others. A previous analysis by the author (4) 
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revealed that in order to deploy this characteristic effectively, high 
concentration of stresses must be present. This is created by use of 
holes, slots, notches, and other stress raisers. The reduction of 
weight resulting from notching is not critical enough to be used 
effectively in low-weight systems. 
Sandwich structures have aroused considerable interest in the 
post-war era. The remarkable ability of these low-weight structures 
to damp out vibrations rapidly has been a critical factor towards the 
rapid development of high speed aircrafts and missiles. A simple 
sandwich principally consists of a low density core sandwiched between 
two thin layers of metal facings. Variations in the structure of 
core attribute to the different forms of sandwich structures. A core 
in the form of a honeycomb - hexagonal cells perpendicular to the 
faces - makes up the iHoneycomb' sandwich structure. In another 
variation, the core is in the form of corrugated sheets, with 
corrugations running parallel to the faces. 
For all practical purposes a simple sandwich consisting of a 
plain viscoelastic core is the most versatile of all sandwich 
constructions. The major advantages of sandwich structures over 
conventional structures are: 
1. Their overall density is low. 
2. Their vibration damping characteristic is far more 
superior. 
3. They have good structural rigidity. 
4. They have good fatigue properties. 
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5. They provide good thermal and accoustical insulation. 
6. They can be very easily mass produced. 
Such overall versatility has contributed greatly to the 
development and mass production of both simple and complex sandwich 
structures during the last decade. 
Review of Literature 
In the recent years, a popular approach towards the analysis 
of sandwich constructions has been the Plantema (5) approach, based on 
energy principles. The first chapter of this book very vividly 
outlines the nature of deformations a vibrating sandwich beam undergoes. 
The author first attempted the analysis of damped vibration following 
Plantema approach, but found that it becomes too complicated especially 
with unequal facings and moreover this approach neglects the effect of 
Poisson's ratio, which though small, has some contribution. The 
present approach does however have a great deal of similarity to 
Plantema approach. 
Jones et al« (6) analyzed the damping of a free-free sandwich 
beam with a shear-flexible core and they obtained large discrepancies 
in calculated and test values of amplitude decay which they explained 
was due to improper end conditions in their experimental set-up. The 
effect of rotary inertia, though negligible at lower modes, may have 
considerable effect at higher modes. 
DiTaranto (7) has rigorously analyzed the free vibration of a 
three-layer beam through a complicated sixth-order differential 
equation. The integrals of these equations (8) irefttlting in highly 
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complicated expressions even after restricting the analysis to sandwich 
beams having very thin viscoelastic layer as compared to the elastic 
layer. Needless to mention that for relatively thick Layers of the 
core, his approach would be too cumbersome to be used effectively for 
design purposes. Derby and Ruzicka (9) however extended his theory 
further for the analysis of some structures and came up with fairly 
good agreement between theory and experimental results,. 
Objectives and Scope 
The main objective of this investigation is to define a simple 
closed form expression for the damping produced by a viscoelastic core 
of a three layer simply-supported sandwich beam, which should be 
accurate and simple enough to be used effectively for design purposes. 
Various attempts have been made by previous investigators like Ungar 
and Ross (10), DiTaranto (7), and many others to obtain a closed form 
expression for predicting the damping in a three-layer beam but all 
have come up with expressions which can hardly be interpreted readily 
for design purposes. Moreover many of them have limited the applic-
ability of their theory by assumptions like small damping and equal 
facing thickness. 
The present analysis, the simplest of all those the author has 
come across, is more adaptable in the sense that it is not restricted 
by either of the two aforementioned assumptions. Even though this 
study is restricted to the analysis of the fundamental mode, which is 
the most critical mode from design considerations, the theory can very 
well be extended to take into account the higher modes,. It is felt 
that the present analysis offers a new approach toward the analysis of 
damped vibration of sandwich structures which might prove to be much 




In classical theory of elasticity the basic assumption is that 
the stress-strain relations are linear and independent of time. How-
ever, a number of materials like plastics, resins, adhesives and rubbers 
have in addition a time dependent property, which attributes to their 
being termed as viscoelastic materials. 
The structure and characteristics of viscoelastic materials have 
been very thoroughly studied by Williams <11), Flugge (12), Kolsky (13) 
and many others. The dynamic behavior of viscoelastic materials in 
uni-axial stress very closely resemble that of models built from 
discrete elastic and viscous elements. 
There are two basic models from which any number of others may 
be built up through incorporation of additional spring and dashpot 
elements* Whether a given material performs according to one or 
another of these patterns is a question to be resolved by testing. The 
two basic forms are the Maxwell or fluid model (Figure 1) and the 
Kelvin or Voigt or solid model (Figure 2). 
From Figure 1. 
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Figure 1. Maxwell Model 
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Within the realm of linearity of equation (1) the material shows 
a typical property of a fluid: its ability to undergo unlimited 
deformation under finite stress. The materials described by equation 
(1) are therefore termed as Maxwell fluids. 
Equation (2) interprets the behavior of almost an elastic solid, 
the only difference being that the strain does not at once assume the 
final value, but approaches it gradually (delayed elasticity)• The 
materials represented by equation (2) are therefore termed as Kelvin 
solids or Voigt solids* 
It has been found that the spring constant E0 and the damping 
coefficient $ of Voigt solids are not constants but are functions of 
frequency and temperature. More complex models should be used for 
exact analysis of viscoelastic materials but Pearce (2) showed that 
using Voigt model in conjunction with a modulus vs. frequency curve 
for constant temperature analysis is equivalent to using a more complex 
model. 
In the present work, a Voigt model in conjunction with modulus-
frequency curves as determined experimentally by Pearce (2) has been 
used for the constant temperature analysis of viscoelastic materials. 
It should be noted that using a Voigt model is equivalent to 
using a complex modulus, Ec, i.e. 
ac = Ec
ec = (Es + i Ed} e (3) 
Let the system of Figure 2 be given a sinusoidal motion 
e = EQsinwt 
then, e » o)eneoso)t
 := ia>e 
Substituting this in equation (2) results: 
0 - (E + ico$) e (4) 
It is apparent that equations (3) and (4) are identical, so that, 
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From elementary theory of elasticity, the relationship between 
Elastic and Shear modulus is: 
E 
G - — (6) 
2(1 + v) 
where v is the Poisson's ratio of the material, 
When the viscoelastic material undergoes shear deformation, 
where 
G a 
in which v is the Poisson's ratio of the viscoelastic material, 
U) 





For a simply-supported sandwich beam, as shown in Figure 3, 










Consistent with the assumption that the core is infinitely 
rigid in transverse compression T and w_ can be expressed as 
oo 
\z ' I Vos *? t inV <10> 
m-1 
wc = I Gmsin "7" s l n V * (11) 
m=l 
Satisfying the boundary conditions for a simply-supported 
sandwich beam, one finds for all time t, 
wr(x - 0,a) = 0 






b. Differential Element of the Core 
3o 
lxz 
*» +-sr *d* 
_ T + ~,.*2. • \ dx 
lXZ c»X 
Figure 3. 





a * xzc 
(x: = 0,a) = 0 
where YV__ = T / G . The natural frequency of vibration has been 
X £ C "X.2L **•" 
determined by Kimel e t a l . (1) as 
2 _mV*E .or- = ———— 
a1* (1-v 2 ) \il+!m> 
r + 1 ] (12) 
where 
i - i - i i (c + i±fJL )2 
XT f+f« VC ^ ~ ^ - J 
f 3 + f » 3 
XF " 12 
and s « 
TT2Cff' 
a 2 ( f+f») Gx z (1 -v
2 ) 
The equat ions ( 3 4 ) , ( 3 5 ) , and (36) of Kimel e t a l . (1) can be 
s i m p l i f i e d to the forms 
1-v2 + 
.2^2 mzTTz Ef *XZj 
mir f» 
4 , - — (c + -T- ) CL + F = 0 in a 2 m m (13) 
f ' /•»•?» 
( c + T - ) 7T~ A + H 2 L 
2 . G m a xz 
ii±£2 + c f ( c + f ) - ^ 
mnirn 





f 2 - f » 2 - f»c Fm = 0 (14) 
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c f " mir 
Gx2 An + a 
f2-f2 
- f'c Cm + (f + f') Fm = ° (15) 
Equations (13) and (15) upon simplification yield 
\ = m
3*3 E TT 
Sn " a 3 (1 -v 2 ) (c + f j tf l ) l-hn2s 
— j -
(16) 
For a non-conservative system, we may write 
El " E2 + L12 
where E, and E 2 denote the total energy (kinetic and potential) of the 
system at instants 1 and 2, and L,2 is the energy dissipated over this 
period. 
The behavior of viscoelastic materials is best described by a 
Voigt model, as discussed earlier. For a single degree of freedom 
system describing the simple Voigt model, the equation of motion is 
M X + C x + K x = 0 
whence, 
-Cu> t 
x = e (CjCoswjt + C^sinu^t) (17) 
where w^ = /K/M , c = , and w| = u ^ d - C 2 ) 
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It has been shown by Kolsky (13) that for the analysis of any 
form of damped vibration, these simple equations can be modified by 
introducing the unknown exponential damping factor a, which is 
dependent upon the nature of damping being produced by the system. 
Thus for the sandwich beam, taking damping into consideration, the 
equation (11) can be modified as 
00 " a m t 
wc - I Cme sin — sin V (18) 
m-1 a 
where w = u^, and a • £u)n, so that 
u>2 = a)2 - a2 (19) 
m m m 
With this new deflection equation, all the Kinetic and 
Potential energy expressions have to be modified to take the damping 
into account. All the potential energy expressions of Kimel et al. (1), 
equations (11), (17), (18), (24) and (25) would be expressed as: 
Strain energy in the core 
« ~ 2 a m t 
vc - # - I •*£ • * i n 2 V <20> 
xz m a 5 ] _ 
Elastic strain energies in the facings associated with membrane 
strain in the facings 
^ I ^ W T ^ + ^ S J 2 e'̂ sinV (21) 
1U? 4(l-\^)mssi \a





4( l -v 2 ) mZi 
- \ 2 2 




C + f Cm 
2 ' 2 V 2-e sin^a) t 
m 
(22) 
Elastic strain energy of the facings associated with bending 
of the facings about their own middle surfaces 
'BF T >«,, ,2\ ^, _i °m V B - P * I 
4 8 ( l T V z ) m - l a 
mV» „2 -
2 ata t 
* e 
sin2aLt (23) 
Eaf'3 ? mSr* n2 " ^ 4 2 -
I " T T ^ e sin V VBF " 48(l-v2) J ^ a1* 
(24) 
The total e las t i c energy of the beam can be expressed as 
V = Vc + VMF + VMF + VBF + V £F 
= I ac 
m-1 ^ x z 
Eaf nnr f mzir 2^2 
\K+SU=VT. rr\+i ^ Sa + 
Eaf 
4(l-vz) 
\ miTC m2ir2 f f • \ r _ nnr v 
G ^ — + ^ r c+j - jc , r Fm 
Ea(f3 + f«3) mSr1* 2 
48(l-v z ) "7f"."Sa 
-**** 2r. strict (25) 
The total kinetic energy of the beam is 
-2v •1 ^ . V l L — b T = - pa I C2(w c o s u i t - a s i n Z i t ) 2 e (26) 
4 i m m m m m 4 - i 
For an element of unit width,, the energy associated with the 
dashpot, which is dissipated by the core is given by 
d2L Tf2 . T2 . . ' . . Gd Y2 T2 
= / xdy - J $mY JfKZdy where $ m = — 
Yl Y, «-
dx dz • ; L^T J' Ti'xzu' w w " wm -
o m 
^2T t0 t0 G 
so that -j^-g- = / V Y
2 dt - f 2 -4 Y
2 dt dx dz ' m'xz <* _ V^r? 
(27) 
h h %> xz 
The core shear strain y as evaluated in equation (9) of 
xzc 
Kimel e t a l . ( 1 ) , a f t e r mod i f i ca t i on fo r damping s tands as 
™ ™ m^x W = I 7 - e cos SJL Bln^t 
xz 
x z c l i l t a 
from which 
00 A - a t 
Y = / 7 " ^ (w cosco t - a sinw t ) e cos —— (28) 
'xzc L n G
x m m m m ' a 
m—l xz 
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Integrating over the volume and simplifying through the use of 




1 2 2G' 
xz 
y m 
= 1 % 
" 2 a u t J 





(a sin2uLt + w cos2w t ) -x m uk m m m 
(29) 
For convenience t^ and t« are chosen as 0 and 2ir/w respectively, 
Any other choice of t-. and t 2 would lead to the same solution for 
damping after much laborous simplification. Substituting the above 
chosen values of t-, and t« in equation (29), the loss of energy at 
the end of first cycle is 
L12 " 
acG, » A? 
Q r- m 
2 G L ™=l ^ xz 
K 
— o 2 '"2 2 
<]£.-•(* Ct 0 C U 
m m m m 
' % + — ~ ~ " — 
4w? 2ui£ 4a 
m in m 
e"
47ram/a,m ^ 
a c Gd 
8G2 
xz i^r J (30) 
Substituting the same values of t, and t« in the energy 
equations (25) and (26) and equating them to equation (30) by the 
relation 
•12 E o • E 2 7 r / : 
Ttt 
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the following equation results 
a c G d " Am _ / -**V<U 
I T wm I
1 " e 
ob m^l m 
xz 
i pa I .«#£ ^ . e ^ »| (31) 
m35! 
For t he p r i n c i p a l mode of v i b r a t i o n the mode number m = 1 and 
t h e above equa t ion s i m p l i f i e s to y i e l d t h e va lue of exponen t i a l 
damping cons tan t 
i G A2 
l e d 1 
a 1 ^ 2 — — ~ l (32) W.P G^ Cf 
1 xz 1 
Combining with equation (16), this yields 
G I 2 
TT6 c Gd E2 XT 




In order to verify the validity of the theory, a number of 
experiments were performed with different combinations of facing and 
core materials. All the tests were carried out at constant room 
temperature of 70°F, to eliminate the effect of temperature variation. 
The models used were composed of steel and aluminum facings 
with Buna-N rubber (butadiene-acrylonitrile copolymer) and styrofoam 
as core materials. Epoxy cement (Sears, Roebuck and GD.) made up with 
a combination of a resin and a hardener was used as the bonding 
material. The surface of both facings and the core materials were 
cleaned thoroughly before being glued together, insuring proper 
adhesion. Curing was done by allowing the cement at least forty hours 
to dry at room temperature. A thin coating of cement was applied very 
uniformly so that the thickness of the bonding material was negligible 
as compared to the thickness of either facings or the core. 
Instrumentation and Equipments 
The various equipments used for the experiments are listed in 
the following table. A schematic diagram of the experimental set-up 
is shown in Figure 4. 

















Table 1. Experimental Equipments 


















Dual Beam Type 502A 
Polaroid Type C-12 
Polaroid Type C-27 
Experimental Procedure 
The beam was simply-supported at the two ends on two rigid end 
supports with adjustable pressure mechanism to insure proper end 
conditions. The beam was vibrated by means of the electro-dynamic 
shaker placed below the beam, at the beam center, with a small air 
gap in between. The vibration frequency was raised to a value very 
close to the fundamental frequency of the beam so as to get maximum 
amplitude. A piezo-electric type accelerometer was fixed to the beam 
at its center by means of wax to pick up the vibration, and the 
signal was fed directly to an oscilloscope. The oscilloscope was set 
at single-sweep mode and the vibration was cut off suddenly by 
switching the power amplifier to standby mode. The resulting trace 
of damped vibration on the oscilloscope was recorded on a photograph 
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by means of a Polaroid camera mounted on the oscilloscope. The 
experimental value of logarithmic decrement was calculated very care-
fully through accurate measurement of the peak amplitudes of the first 
decay cycle. The length of each beam, starting from 24 inches, was 
reduced by 2 inches successively and the same procedure was repeated 
every time until the beam was reduced to 12 inches in length. Different 
combinations of core and facing materials made up the different beams, 
all of which were tested by the same above mentioned procedure. 
Material Properties 
In order to calculate the natural frequency and logarithmic 
decrement for a particular beam, a number of material properties 
must be known. The common properties of Steel and Aluminum, taken 
from handbooks, are tabulated below. 
Table 2. Metal Properties 








30 x 106 





For the viscoelastic core materials, the densities were 
determined by direct measurement and the Poisson's ratio values were 
taken directly from Table 6 of Pearce's (2) thesis. 
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Table 3. Viscoelastic-Material Properties 
Material Specific Weight Polsson's Ratio 
(lbs./in?) v 
Buna-N Rubber (1/4") 0.042 0.50 
Styrofoam 0.00098 0.155 
The characteristic curves of static and dynamic moduli of 
elasticity vs. frequency for rubber and styrofoam were determined 
experimentally by Pearce (2) following the method laid down by Preiss 
and Skinner (14). These characteristic curves, as shown in Appendix A, 




The theoretically predicted values of logarithmic decrement 
obtained by solving equations (32) and (33) through use of the computer 
are now compared to the experimentally determined values. Tables 4 
through 7 list the analytical values of GO, the damped natural frequency, 
obtained from the computer solution., The reader is referred to 
Pearce's (2) work for a comparison of analytical and experimental to 
for unconstrained layer structures. 
Table 4. Steel and Rubber Composite 















21.448 0.334762 0.316670 
24.154 0.356013 0.326684 
27.442 0.375298 0.358945 
31.516 0.393303 0.380055 
36.661 0.415620 0.394654 
43.299 0.441612 0.435318 
52.118 0.466598 0.441833 
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Table 5. Steel and Styrofoam Composite 
f - f «• 0.031 ins.; c - 0.5 ins.; p = 0.0000831 lb-sec2/in.3 
Analytical 
Beam Length Damped Natural Analytical A Experimental A 
a (ins.) Frequency(c.p.s.) _______-________-__»_____„ 
24 50.649 0.032991 0.033336 
22 56.069 0.034228 0.031416 
20 62.530 0.035428 0.037041 
18 70.314 0.036648 0.038466 
16 80.011 0.037752 0.040822 
14 92.331 0.038823 0.040822 
12 108.708 0.039740 0.042260 
Table 6. Aluminum and Styrofoam Composite 
f = f* = 0.033 ins.; c = 0.375 ins.; p = 0.0000402 lb-sec2/in.3 
Analytical 
Beam Length Damped Natural Analytical A Experimental A 
a (ins.) Frequency(c.p.s.)  
24 52.952 0.022285 0.022473 
22 59.916 0.024265 0.026682 
20 68.325 0.026337 0.029559 
18 78.612 0.028510 0.029414 
16 91.407 0.030785 0.034486 
14 107.636 0.033189 0.037458 
12 129.215 0.035415 0.040822 
28 
Table 7. Aluminum and Rubber Composite 
f = f1 = 0.033 ins.; c =0.25 ins.; p = 0.0001385 lb-sec2/in.3 
Analytical 
Beam Length Damped Natural Analytical A Experimental A 
a (ins.) Frequency(c.p.s.)   
24 22.635 0.211622 0.211309 
22 26.011 0.233259 0.220241 
20 30.178 0.256434 0.216233 
18 35.386 0.285141 0.271934 
16 42.111 0.315924 0.325422 
14 50.901 0.354160 0.356675 
12 62.917 0.390053 0.358945 
The experimental and analytical values of logarithmic 
decrement are plotted against frequency for the above four combinations 
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A direct comparison between the theoretically predicted and the 
experimentally determined values of damping lead to the conclusion 
that the present analysis is accurate enough to be used very effec-
tively for all design purposes. Studying Figures 5 through 8, one can 
conclude that the accuracy of the analysis tends to diminish with 
increasing frequency. This can very easily be explained by the 
observation that the effect of rotary inertia, which has been 
neglected in the present analysis, becomes predominantly important at 
higher frequencies. 
It has been shown through dimensional analysis in Appendix D 
that damping is totally independent of the overall density of the 
beam. It is further observed that damping is dependent principally 
on the static and dynamic moduli characteristics of the core material 
and if these remain constant with respect to frequency, damping would 
be affected very little by changes in length, core thickness, and 
width of facings. 
The present analysis can very easily be extended to analyze 
the higher modes. For any discrete higher mode, the subscripts 1 
in Equation (32) would be replaced by 1m1 of that particular mode. 
It is once again observed that damping is dependent on the frequency -
moduli characteristic of the core material alone for any particular 
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beam and is consequently independent of the mode number. The analysis, 
however, has some limitations at higher modes since it neglects the 
effect of rotary inertia, which becomes increasingly predominant at 
higher modes. 
The present analysis is, as it stands, a complete work. The 
work can be extended to take into account the effect of rotary inertia 
to interpret the higher modes of vibration more accurately. Further 
extensions of this work can be the analysis of beams with different 
end conditions. Such an analysis would principally be effective for 
the determination of the damped natural frequency upon which the 
moduli values of core materials are dependent. The actual value of 
damping is, however, independent of end conditions. 
The author feels that the present: analysis has opened up a 
new approach to the treatment of sandwich beams and would be very 
effective for the design of all kinds of sandwich structures. 
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APPENDIX A 
VISCOELASTIC MATERIAL CHARACTERISTICS 
The dynamic and static characteristics of Buna-N rubber and 
styrofoam, as determined experimentally by Pearce (2), are shown in 
Figures 9 and 10. To determine these properties, he followed the 
method established by Preiss and Skinner (14), Equation (6) was used 
to convert the elasticity modulus values to shear modulus. 
To determine analytically the values of logarithmic decrement, 
a trial and error procedure was followed, in which after determining 
the frequency of vibration correctly, the corresponding dynamic shear 
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(Burroughs B-5500 Computer) 
ALGOL 
BEGIN 





FORMAT FT2(X10,"ALPHA x W BAR=",F11.6); 
FORMAT FT3(/,X18,"W BAR=",F11.6); 
FORMAT FT4(/,X18,"ALPHA=",F11.6,//,X18,"DELTA«",F11.6); 
FORMAT FT5(X6,"NATURAL FREQUENCY=",F11.6," CYCLES PER SECOND",///); 
FORMAT FT6(X12,"DATA VALUES:",//,XI2,"BEAM LENGTH=",I4, 
" INCHES",/,X22,"F=",F8.3," INCHES",/,X21, 







S « - ( 3 . 1 4 1 6 * 2 X C X F X F : L ) / ( A * 2 X ( F + F 1 ) ) X 
E/(Gx(l-NU*2)); 
W-H3QRT ((3.1416*4xE)/(A*4xRH0x(l-NU*2))x 
( I T / ( 1 + S ) + I ) ) ; 
WRITE(AC01,FT1,IT,I9S,W); 
FN«tf/ (2x3.1416) ;WRITE(AC01,FT5,FN) ; 
PROEH-(3 .1416*6xCxGD/ (2xA*6xRHOxG*2) ) x ( (Ex 
IT)*2/ ( ( l -NU*2)x(C+(F+Fl) /2)x( l+S))*2) ; 
WRITE(AC01,FT2,PROD); 
Wl+SQRT ((W*2+SQRT (W*4-4xPROD*2))/2); 
WRITE(AC01,FT3,W1); 
A1+PROD/W1 ;DELTA«-(2x3 .1416xAl*2) /PROD; 
WRITE(AC01,FT4,A1,DELTA); 
END. 
Data for this program must be fed in on one card, each data 
value being separated by a comma (free-feed form). The data values 
should be punched in the following order: a, f, f1, c, v, p, E, Gxz» 
GJ, - the calculated values of IT, I, s, to, â xa>i, a>, , a., and A 




Relation Between a and A 
By definition, 
where, XQ - initial amplitude 
Xn - amplitude at any instant, t 
^n+1 ~ amplitude after one cycle 
and T - time period 2TT/OJ 
Therefore, 





To i n d i c a t e how the d i f f e r e n t v a r i a b l e s a f f e c t the va lue of 
damping, a dimensional a n a l y s i s i s needed t o r e l a t e A wi th a l l t h e 
o t h e r v a r i a b l e s . 
From equa t ion ( 1 9 ) , f o r the f i r s t mode 
whence, 
so t h a t 
t h e r e f o r e 
— 2 2 2 
u>f - ur- - or 
1 1 1 
"uy* - uru)2 + (a! oii)2 = 0 
1 1 1 x L 
w2 = 
u)J + /a)1* - 4(01,1*02 
a i = 
(a^u^) (a^to^) 
Ul /a.2tV^-4(^F 
From Appendix C, 
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2fta, 27r(â u)̂ ) 47r(a,aĵ ) 
r.2 
wl "l u)2 + /co1* - 4(0^)2 
Substituting value of (ONUL) from equation (33), the logarithmic 
decrement can be expressed as: 
4TT 
G T^ 
*6 £ . _3_ E2 T 
' 2 ^ " P G 2 z ( 1. v 2 ) 2 ( c + fifl)2" " (1+s)2 
• i r 1 * &L + I \ + /—J^L— fiL + I ) 2 *12-. c 2 
a^(l-V2)p \1+S + i ^ + / a8 (1-v2)2p2 [u*
 +1J!J * ̂ 2 * -£Z 
G, . T1* 




V " G x z # ( l - v 2 ) \ c + ^ ^ # (1+sr 
2TT3 C G d E , < I T 
t (i-v2) G2Z ( c + 1 + 1 1 ) 2 ; ( 1 + s ) 2 
% * ") # * -I'- ̂  ' | • T̂ fc • ̂ - ^ 
As the thickness of the facings is very small, L « ^ 0 , 
Therefore, simplifying the above equation 
2 * 3 c — 
Eff1 
xz [ a 2 ( f + f , ) G x z ( l - v
2 ) + Tr2cff*E] 
A = 
1 + / 1 - TTHCZ. 
li 9 CI 
— i r H r > » -—— 
E 2 f 2 f 2 
Gxz [a 2 ( f+f f)G ( l - v 2 ) + Tr2cff *E] 2 xz 





1 G 2 "' 
•^2 E fc V 1 V / _ J 
1 + / l -
xz 2
 Gxz a2 „ 2 N 
T 2 ' — ' fc" ^ " v 2 > + l 
Since G » GA xz a 
A « r TT 






2) + 1 
Looking as t h i s equa t i on , i t can be p r e d i c t e d t h a t : 
1, Damping i s independent of o v e r a l l dens i t y of the beam 
2 . Damping i n c r e a s e s i f : 
a , a 2 / f c decreases 
b . G /E decreases 
x« 
c. Gd/Gxz increases, 
However, since the factor GX2/E << 1, one finds that the change 
in a, f and c has very small effect on the overall damping. The 
damping is principally dependent on G^/^KZ ratio, which, if very 
sensitive to change in frequency, causes considerable change in the 
value of logarithmic decrement. 
44 
LITERATURE CITED 
(1) E. M. Kimel, M. E. Raville, P. G. Kirmser, and M. P. Patel, 
"Natural Frequencies of Vibration of Simply Supported Sandwich Beams," 
Fourth Midwestern Conference on Solid Mechanics at University of Texas. 
1959, pp. 441-449. 
(2) B. K. Pearce, The Damping Effects of Viscoelastic 
Materials on the Transverse Vibration of Beams and Plates. Ph.D. Thesis, 
Georgia Institute of Technology, Atlanta, February 1969. 
(3) B. J. Lazan, "Effect of Damping Constants and Stress 
Distribution on the Resonance Response of Members," Journal of Applied 
Mechanics. Trans. ASME, vol. 75, 1953, pp. 201-209. 
(4) A. Chatterjee, and P. Bhattacharya, An Investigation of 
Solid Damping Characteristics. B. E. Thesis, University of Calcutta, 
India, April 1968. 
(5) F. J. Plantema, Sandwich Construction. John Wiley and Sons, 
Inc., New York, 1966. 
(6) I. W. Jones, V. L. Salerno, and A. Savacchio, "An 
Analytical and Experimental Evaluation of the Damping Capacity of 
Sandwich Beams with Viscoelastic Cores," Journal of Engineering for 
Industry. Trans. ASME, vol. 89, 1967, pp. 438-444. 
(7) R. A. DiTaranto, "Theory of Vibratory Bending for 
Elastic and Viscoelastic Layered Finite-Length Beams," Journal of 
Applied Mechanics. Trans. ASME, vol. 87, 1965, pp. 881-886. 
(8) R. A, DiTaranto, and W. Blasingame, "Composite Damping of 
Vibrating Sandwich Beams," Journal of Engineering for Industry« Trans. 
ASME, vol. 89, 1967, pp. 633-638. 
(9) J. E. Ruzicka, and T. F„ Derby, "Loss Factor and Resonance 
Frequency of Viscoelastic Shear-Damped Structural Composites," NASA 
Contract Report. NASA CR - 1269, February 1969. 
(10) E. E. Ungar, and D. Ross, "Damping of Flexural Vibrations 
by Alternate Elastic and Viscoelastic Layer," Fourth Midwestern Con-
ference on Solid Mechanics at University of Texas. 1959, pp. 468-487. 
(11) M. L. Williams, "Structural Analysis of Viscoelastic 
Materials," Journal of the American Institute of Aeronautics and 
Astronautics, vol. 2, no. 5, May 1964, pp. 785-808. 
(12) W. Flugge, Viscoelasticity,t Blaisdale Publishing Company, 
Waltham, Mass., 1967. 
(13) H. Kolsky, Stress Waves in Solids. Oxford Clarendon 
Press, 1953. 
(14) D. M. Preiss, and D. W. Skinner, "Damping Characteristics 
of Elastomers," Rubber Age, vol. 97, pt. 2, August 1965, pp. 58-68. 
(15) C. W. Bert, D. J. Wilkins Jr., and W. C. Crisman, 
"Damping in Elastic Beams with Shear-Flexible Cores," Journal of 
Engineering for Industry, Trans. ASME, vol. 89, 1967, pp. 662-670. 
(16) E. M. Kerwin, "Damping of Flexural Waves by a Constrained 
Visco-elastic Layer," Journal of the Acoustical Society of America. 
vol. 31, 1959, pp. 952-962. 
(17) H. J. Plass, "Damping of Vibrations in Elastic Rods and 
46 
Sandwich Structures by Incorporation of Additional Viscoelastic 
Material," Third Midwestern Conference on Solid Mechanics at University 
of Texas. 1957, pp. 48-71. 
(18) R. A. DiTaranto, and W. Blasingame, "Composite Loss Factor 
of Selected Laminated Beams." Journal of the Acoustical Society of 
America, vol. 40, no. 1, July 1966, pp. 187-194. 
